Abstract. For every symmetrically normed ideal E of compact operators, we give a criterion for the existence of a continuous singular trace on E. We also give a criterion for the existence of a continuous singular trace on E which respects Hardy-Littlewood majorization. We prove that the class of all continuous singular traces on E is strictly wider than the class of continuous singular traces which respect Hardy-Littlewood majorization. We establish a canonical bijection between the set of all traces on E and the set of all symmetric functionals on the corresponding sequence ideal. Similar results are also proved in the setting of semi-finite von Neumann algebras.
Introduction
In his groundbreaking paper [6] , J. Dixmier proved the existence of positive singular traces (that is, linear positive unitarily invariant functionals which vanish on all finite dimensional operators) on the algebra BðHÞ of all bounded linear operators acting on an infinite-dimensional separable Hilbert space H. Namely, if c : R þ ! R þ is a concave increasing function such that 
Here, fs k ðAÞg k A N is the sequence of singular values of the compact operator A A BðHÞ taken in the descending order and o is an arbitrary dilation invariant generalised limit on the algebra l y of all bounded sequences. This trace is finite on 0 e A A BðHÞ if and only if A belongs to the Marcinkiewicz ideal (see e.g. [14] , [15] , [26] An ideal E of the algebra BðHÞ is said to be symmetrically normed if fs k ðBÞg k A N e fs k ðAÞg k A N and A A E implies that kBk E e kAk E (see [14] , [15] , [29] 1), [28] , [19] ). Since the ideal M c is just a special example of symmetrically normed operator ideal, the following question (suggested in [18] , [16] , [17] , [7] ) arises naturally.
Question 1. Which symmetrically normed operator ideals admit a nontrivial singular trace2)?
In analyzing Dixmier's proof of the linearity of t o given by (1) , it was observed in [18] (see also [3] ) that t o possesses the following fundamental property, namely if 0 e A; B A M c are such that P n k¼1 s k ðBÞ e P n k¼1 s k ðAÞ; En A N; ð4Þ then t o ðBÞ e t o ðAÞ. Such a class of traces was termed ''fully symmetric'' in [19] , [30] (see also earlier papers [8] , [25] , where the term ''symmetric'' was used). It is natural to consider such traces only on fully symmetrically normed operator ideals E (that is, on symmetrically normed operator ideals E satisfying the condition: if A, B satisfy (4) and A A E, then B A E and kBk E e kAk E ). In fact, it was established in [8] that every Marcinkiewicz ideal M c with c satisfying the condition (3) possesses fully symmetric traces. Furthermore, in the recent paper [18] , the following unexpected result was established. If c satisfies the condition (3), then every fully symmetric trace on M c is a Dixmier trace t o for some o.
The following question (also suggested in [18] , [7] , [16] , [17] ) arises naturally. Question 2. Which fully symmetrically normed operator ideals admit a nontrivial singular trace which is fully symmetric?
In the papers [16] , [17] the following two problems (closely related to Question 1 and Question 2) were also suggested.
Question 3. Which fully symmetrically normed operator ideals admit a trace which is not fully symmetric?
Let us fix an orthonormal basis fe n g n A N in H. An operator A A BðHÞ is called diagonal if ðAe n ; e m Þ ¼ 0 for every n 3 m. Question 4. Let the mapping j : E ! C be unitarily invariant. Suppose that j is linear on the subset of all diagonal operators from E. Does it imply that j is a trace on E?
In some very special cases (for principal ideals contained in L 1 , which are, strictly speaking, not symmetrically normed ideals), Question 3 was answered in the a‰rmative3) in [33] . In [19] , Question 3 was answered in the a‰rmative for the special case of Marcinkiewicz ideals under the assumption (1) . It should be pointed out that the method used in [19] cannot be extended to an arbitrary Marcinkiewicz ideal M c and, furthermore, cannot be extended to a general symmetrically normed operator ideal. Question 4 was answered in [19] in full generality using deep results from [11] , [10] (see also [9] ).
The following theorem is the main result of this paper. It yields answers to Questions 1-3. In the course of the proof of Theorem 5, we also present a new (and very simple) proof answering Question 4. Prior to stating Theorem 5, we make a few preliminary observations, for which we are grateful to the referee. Any trace j : E ! C obeys the condition 1 m jðA lm Þ ¼ jðAÞ; A A E; m f 1:
Here, the direct sum A lm is formed with respect to some arbitrary Hilbert space isomorphism H lm F H. Thus, traces are closely related to the following convex (see Lemma 11 below) functional on E:
The non-triviality of the functional p : E ! R is an obvious necessary condition for the existence of a trace.
3) We are grateful to the referee for this remark.
Theorem 5. Let E be a symmetrically normed operator ideal. Consider the following conditions:
(a) There exist nontrivial singular traces on E.
(b) There exist nontrivial singular traces on E, which are fully symmetric.
(c) There exist nontrivial singular traces on E, which are not fully symmetric.
(d) E 3 L 1 and there exists an operator A A E such that
The conditions (a) and (d) are equivalent for every symmetrically normed operator ideal E.
(ii) The conditions (a), (b) and (d) are equivalent for every fully symmetrically normed operator ideal E.
(iii) The conditions (a)-(d) are equivalent for every fully symmetrically normed operator ideal E equipped with a Fatou norm.
Recall that the norm on a symmetrically normed operator ideal E is called a Fatou norm if the unit ball of E is closed with respect to strong (or, equivalently, weak) operator convergence. Observe that classical ideals (such as Schatten-von Neumann ideals L p , Marcinkiewicz, Orlicz and Lorentz ideals [14] , [15] , [29] ) have a Fatou norm. In fact, in some standard references on the subject (e.g. Simon's book [29] ), the requirement that symmetrically normed operator ideal has a Fatou norm appears to be a part of the definition. Similarly, in the book [24] , devoted to the study of symmetric4) function spaces (which are a commutative counterpart of symmetrically normed operator ideals), an assumption that the norm is a Fatou norm is incorporated into the definition ( [24] , p. 118).
The proof of Theorem 5 is given in Section 7. In fact, in this paper we will prove a more general result for symmetric spaces associated with semi-finite von Neumann algebras. The precise statements are given in Section 4 (see Theorems 23, 28, 29) , Section 5 (see Theorems 33, 35, 36) and Section 6 (see Theorems 47, 48). The appendix contains the proof of important technical results for which we were unable to find a suitable reference. We also present a new and short proof of the Figiel-Kalton Theorem from [13] .
Finally, we say a few words about our proof and its relation to the previous results in the literature. Our strategy is based on the approach from recent papers [30] and [21] , where condition (5) was connected to the geometry of E (see also [2] ). The condition (5) is easy to verify in concrete situations. For example, the following corollary of Theorem 5 strengthens the main result of [19] and complements earlier results of J. Varga [32] . Corollary 6. Every Marcinkiewicz ideal M c with c satisfying the condition (3) admits a trace which is not fully symmetric.
Indeed, it is proved in [1] , Proposition 2.3, that the condition (4) of Theorem 5 is equivalent to the condition (3) for the Marcinkiewicz ideal M c . Some examples of symmetrically normed operator ideals, which are not Marcinkiewicz ideals, possessing symmetric traces were presented in [7] . These results are also an immediate corollary of Theorem 5.
For completeness, we note that the assertion (ii) in Theorem 5 holds for a wider class of relatively fully symmetrically normed operator ideals. The latter class is defined as follows: if A; B A E are such that (4) holds, then kBk E e kAk E . It coincides with the class of all symmetrically normed subspaces of a fully symmetric operator ideal (see [20] ).
Definitions and preliminaries
The theory of singular traces on symmetric operator ideals rests on some classical analysis which we now review for completeness.
As usual, L y ð0; yÞ is the set of all bounded Lebesgue measurable functions on the semi-axis equipped with the uniform norm. Given a function x A L y ð0; yÞ, one defines its decreasing rearrangement t ! mðt; xÞ by the formula (see e.g. [22] ) mðt; xÞ ¼ inffs f 0 : mðfx > sgÞ e tg:
Let H be a Hilbert space and let BðHÞ be the algebra of all bounded operators on H equipped with the uniform norm.
Let M H BðHÞ be a semi-finite von Neumann algebra equipped with a fixed faithful and normal semi-finite trace t. The algebra M is said to be atomic (see [31] , Definition 5.9) if every nonzero projection in M contains a nonzero minimal projection; M is said to be atomless if there is no minimal projections in M.
For every A A M, the generalised singular value function t ! mðt; AÞ is defined by the formula (see e.g. [12] ) mðt; AÞ ¼ inffkApk : tð1 À pÞ e tg:
If, in particular, M ¼ BðHÞ, then mðAÞ is a step function and, therefore, can be identified with the sequence of singular numbers of the operators A (the singular values are the eigenvalues of the operator jAj ¼ ðA Ã AÞ 1=2 arranged with multiplicity in decreasing order).
Equivalently, mðAÞ can be defined in terms of the distribution function d A of A. That is, setting
we obtain mðt; AÞ ¼ inffs f 0 : d A ðsÞ e tg; t > 0:
Here, E jAj denotes the spectral measure of the operator jAj.
Using the Jordan decomposition, every operator A A BðHÞ can be uniquely written as The norm on a symmetric space EðM; tÞ is a Fatou norm if the unit ball of EðM; tÞ is closed with respect to strong (or, equivalently, weak) operator convergence. Every symmetric space equipped with a Fatou norm is necessarily fully symmetric.
A linear functional j : EðM; tÞ ! C is said to be symmetric if jðBÞ ¼ jðAÞ for every positive A; B A EðM; tÞ such that mðBÞ ¼ mðAÞ. A linear functional j : EðM; tÞ ! C is said to be fully symmetric if jðBÞ e jðAÞ for every positive A; B A EðM; tÞ such that B 00 A. Every fully symmetric functional is symmetric and bounded. The converse fails ( [19] ).
EðM; tÞ S L 1 ðMÞ, then every symmetric functional is singular.
If E ¼ Eð0; yÞ and if j : E ! R is a symmetric functional, then sjðxÞ ¼ jðs s xÞ for every x A E. If E ¼ Eð0; 1Þ and if j : E ! R is a singular symmetric functional, then sjðxÞ ¼ jðs s xÞ for every x ¼ mðxÞ A E.
Let E be a fully symmetric Banach space either on the interval ð0; 1Þ or on the semiaxis. We need the notion of an expectation operator (see [2] ).
Let A ¼ fA k g be a (finite or infinite) sequence of disjoint sets of finite measure and denote by A the collection of all such sequences. Denote by A y the complement of S k A k .
The expectation operator EðÁ j AÞ :
Note that we do not require A y to have finite measure.
Every expectation operator is a contraction both in L 1 and L y . Therefore,
It follows that EðÁ j AÞ is also contraction in E.
It will be convenient to introduce the following notation. If A is a discrete subset of the semi-axis (i.e. a subset without limit points inside ð0; yÞ), then the elements of A W f0g partition the semi-axis. This partition consists of a (finite or infinite) sequence of sets of finite measure. We identify this partition with the set A. Elements of A will be called nodes of the partition A. The corresponding averaging operator will be denoted by EðÁ j AÞ.
Let E be a symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis. Define the sets
Let C be a Hardy operator defined by setting
xðsÞ ds:
The following theorem was proved in [13] . For convenience of the reader, we give a new and simple proof in the appendix. 
The following important theorem was proved in [20] (see Theorem 5.4 and Theorem 6.3 there).
Theorem 9. Let x; y A L 1 ð0; 1Þ or x; y A ðL 1 þ L y Þð0; yÞ or x; y A l y be such that y p x. For every e > 0, the function ð1 À eÞy belongs to a convex hull of the set fz : mðzÞ e mðxÞg.
This theorem led to the following fundamental result (see [20] ): Theorem 10. Let E ¼ Eð0; 1Þ (or E ¼ Eð0; yÞ or E ¼ EðNÞ) be a symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis or on N. It follows that the corresponding set EðM; tÞ is a symmetric Banach space.
Also, the uniform submajorization permits us to prove the convexity of the functional p : E ! R defined in Section 1.
Lemma 11. The functional p : E ! R is convex on every symmetrically normed operator ideal E.
Proof. Let E be the corresponding symmetrically normed ideal of l y . For every A; B A E, it follows from [20] , Proposition 8.6, that mðA þ BÞ p mðAÞ þ mðBÞ. Hence, s m mðA þ BÞ p s m À mðAÞ þ mðBÞ Á . By Theorem 9, we have
Note that kA lm k E ¼ ks m mðAÞk E . Dividing by m and letting m ! y, we obtain pðA þ BÞ e pðAÞ þ pðBÞ: r
Lifting of symmetric functionals
In this section, we explain a canonical bijection between symmetric functionals and traces. In what follows, we require that a semi-finite von Neumann algebra M be either atomless or atomic with traces of all atoms being 1.
For an atomless von Neumann algebra M, we have (see e.g. In either case, this implies a remarkable inequality (see e.g. [12] ) mðA þ BÞ 00 mðAÞ þ mðBÞ 00 2s 1=2 mðA þ BÞ; 0 e A; B A ðL 1 þ L y ÞðMÞ: ð8Þ Lemma 12. Let E ¼ Eð0; 1Þ (or E ¼ Eð0; yÞ or E ¼ EðNÞ) be a symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis or on N. If x; y A E þ are such that y p x, then jðyÞ e jðxÞ for every positive symmetric functional j on E.
Proof. Fix e > 0. By Theorem 9, there exist z k A E, 1 e k e n, and positive numbers l k , 1 e k e n, such that mðz k Þ e mðxÞ for every 1 e k e n and
Since j is positive and symmetric, it follows that
Therefore, ð1 À eÞjðyÞ e jðxÞ. Since e > 0 is arbitrarily small, the assertion follows. r
The following assertion is essentially known. However, we provide the full proof for readers convenience. The proof of the second inequality is identical. r
The following theorem answers Question 4 in the a‰rmative, as also does [19] , Theorem 5.2. The proof below is very simple and based on a completely di¤erent approach. Theorem 14. Let E ¼ Eð0; 1Þ (or E ¼ Eð0; yÞ or E ¼ EðNÞ) be a symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis or on N and let EðM; tÞ be the corresponding symmetric Banach operator space. Proof. We will only prove (a). The proof of (b) is identical. Let A; B A E þ ðM; tÞ. It follows from Lemma 13 that mðA þ BÞ p mðAÞ þ mðBÞ p 2s 1=2 mðA þ BÞ:
It follows from Lemma 12 that
It follows that LðjÞ is additive on E þ ðM; tÞ. We than extend it to EðM; tÞ by linearity. r Theorem 14 provides a very natural bijection between the set of all symmetric functionals on E and that on EðM; tÞ, observed first for the case of fully symmetric functionals in [8] . The next corollary follows immediately.
Corollary 15. Let E and EðM; tÞ be as in Theorem 14. The functional j is fully symmetric on E if and only if LðjÞ is a fully symmetric functional on EðM; tÞ.
We also need a lifting between sequence and function spaces. The following space was introduced in [21] .
Let A ¼ f½n À 1; ng n A N be a partition of the semi-axis. Clearly, EðÁ j AÞ maps L 1 þ L y into the set of step functions which can be identified with sequences.
Proposition 16. Let E be a symmetric Banach sequence space and let F be the linear space of all such functions x A L y for which E À mðxÞ j A Á A E. The space F equipped with the norm
is a symmetric Banach function space.
The fact that the space F is a Banach space is non-trivial. The proof of this fact was missing in both [20] and [21] . We include it in the appendix.
Below, we assume that E is embedded into F . (b) If j is a positive symmetric functional on F , then its restriction on E is a positive symmetric functional. This restriction is an inverse operation for the L in (a).
Proof. Let us prove (a). We have
Let x; y A F be positive. It follows from Lemma 50 that
and (a) follows.
The first assertion of (b) is trivial. Clearly, mðxÞ À E À mðxÞ j A Á A ðL 1 X L y Þð0; yÞ. If E 3 l 1 , then jðyÞ ¼ 0 for every y A ðL 1 X L y Þð0; yÞ and every symmetric functional j on
; yÞ and the only symmetric functional on both spaces is an integral. The second assertion of (b) follows. r
Existence of symmetric functionals
In this section, we present results concerning existence of symmetric functionals on symmetric function spaces. The main results of this section are Theorem 23, Theorem 28 and Theorem 29.
We need the following variation of the Hahn-Banach Theorem.
Lemma 18. Let E be a partially ordered linear space and let p : E ! R be convex and monotone functional. For every x 0 A E, there exists a positive linear functional j : E ! R such that j e p and jðx 0 Þ ¼ pðx 0 Þ.
Proof. The existence of j follows from the Hahn-Banach Theorem. We only have to prove that j f 0. If z f 0, then jðx 0 À zÞ e pðx 0 À zÞ. Therefore, jðzÞ f jðx 0 Þ À pðx 0 À zÞ ¼ pðx 0 Þ À pðx 0 À zÞ f 0 due to the fact that z f 0 and p is monotone. r Define operators The integrand does not exceed xðsÞ logðmÞ and the second inequality follows immediately. The integrand is positive and is equal to xðsÞ logðmÞ for s A ða; b=mÞ. The first inequality follows. r Corollary 20. If E is a symmetric Banach function space either on the interval ð0; 1Þ or on the semi-axis, then M m : E ! E is a contraction for m A N.
Proof. Let x ¼ mðxÞ A E. It follows from Lemma 19 that M m x p x. It follows from Theorem 9 that, for every e > 0, the function ð1 À eÞM m x belongs to a convex hull of the set fz : mðzÞ e mðxÞg. Therefore, M m x A E and ð1 À eÞkM m xk E e kxk E . Since e is arbitrarily small, the assertion follows. r Lemma 21. Let E be a symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis. Let p : D E ! R be convex and monotone functional. If p ¼ 0 on Z E X D E , then p extends to a convex monotone functional p : E ! R by setting
Also, pðxÞ ¼ 0 for every x A Z E .
and, due to the convexity of p, pðxÞ
This proves the correctness of the definition.
It follows that
Since p is monotone on D E , we get pðyÞ e 0 for every 0 f y A D E . It follows that pðyÞ ¼ p À ÀmðyÞ Á e 0 for 0 f y A E. Therefore, pðx þ yÞ e pðxÞ þ pðyÞ e pðxÞ for every 0 f y A E. r Lemma 22. Let E be a symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis. The functional
satisfies the assumptions of Lemma 21. Also, for every x A D E , we have pðxÞ e kxk E .
Proof. It follows from Corollary 20 that
Clearly, the mappings x ! ðM m xÞ þ are convex and monotone. So are the mappings
Therefore, p : D E ! R is a convex and monotone functional. Since ks m k E!E e m (see [22] 
Proof. Without loss of generality, x ¼ mðxÞ. Let p be the convex monotone functional constructed in Lemma 22. It follows from Lemma 18 that there exists a positive linear functional j on E such that j e p and jðxÞ ¼ pðxÞ. Since pðzÞ ¼ 0 for every z A Z E , it follows that jðzÞ ¼ 0 for every z A Z E . Therefore, j is a symmetric functional.
Since jðzÞ e pðzÞ e kzk E for every z ¼ mðzÞ A E, it follows that kjk E Ã e 1. Therefore,
Passing m ! y, we obtain jðxÞ e lim The assertion follows immediately. r Consider the functional p : E ! E (identical to the one defined in Section 1).
(a) If every j i is symmetric, then j is symmetric.
(b) If every j i is fully symmetric, then j is fully symmetric.
Proof. Let each j i be symmetric. If 0 e x 1 ; x 2 A E are such that mðx 1 Þ ¼ mðx 2 Þ, then
Hence, j is symmetric.
Let each j i be fully symmetric. Thus, j i ðxÞ e 0 for every x A D E such that Cx e 0. Therefore, jðxÞ ¼ lim i A I j i ðxÞ e 0 for every x A D E such that Cx e 0. Let x 1 ; x 2 A E be positive elements such that x 1 00 x 2 . Therefore,
It follows from above that jðzÞ e 0. Hence, j is a fully symmetric functional. r Lemma 26. Let E be a symmetric (respectively, fully symmetric) Banach function space either on the interval ð0; 1Þ or on the semi-axis and let j be a symmetric (respectively, fully symmetric) functional on E. The formula
defines a singular symmetric (respectively, fully symmetric) linear functional on E.
Proof. If x; y A E are positive functions, then mðx þ yÞw ð0; 1=nÞ p À mðxÞ þ mðyÞ Á w ð0; 1=nÞ p 2s 1=2 mðx þ yÞw ð0; 1=nÞ :
Taking the limit as n ! y, we derive from Lemma 12 that
Since Since the unit ball in E Ã is Ã-weakly compact (Banach-Alaoglu Theorem), there exists a convergent subnet c i ¼ j F ðiÞ , i A I, of the sequence j n , n A N. Let c i ! j. It follows from Lemma 25 that j is a symmetric functional.
By the definition of a subnet (see [27] , Section IV.2), for every fixed n A N, there exists an i n A I such that F ðiÞ > n for every i > i n . Thus, for every i > i n , we have
The subnet c i , i n < i A I, converges to the same limit j. Therefore,
Now, taking the limit as n ! y, we obtain the inequality
where j sing is a singular symmetric functional defined in Lemma 26. The opposite inequality is trivial. r Theorem 29. Let E be a symmetric Banach space on the interval ð0; 1Þ. For a given 0 e x A E, there exists a singular symmetric linear functional j sing such that
Proof. Let F be a symmetric Banach space on the semi-axis with a norm given by the formula
Clearly, F H L 1 ð0; yÞ. Applying Theorem 28, we obtain a symmetric singular functional j on F such that jðxÞ ¼ lim Proof. It is clear from the definition of q that q e p and that q is a positive functional.
We claim that q is convex on D E . Let x 1 ; x 2 A D E . Fix e > 0 and select z 1 ; z 2 A D E such that Cx i e Cz i and pðz i Þ e qðx i Þ þ e for i ¼ 1; 2. Thus, Cðx 1 þ x 2 Þ e Cðz 1 þ z 2 Þ and
Since e is arbitrarily small, the claim follows.
We claim that q is monotone on D E . Let x 1 ; x 2 A D E be such that x 1 e x 2 . Fix e > 0 and select z A D E such that Cx 2 e Cz and pðzÞ e qðx 2 Þ þ e. Thus, Cx 1 e Cx 2 e Cz and qðx 1 Þ e pðzÞ e qðx 2 Þ þ e. Since e is arbitrarily small, the claim follows.
For x A Z E X D E , we have 0 e qðxÞ e pðxÞ ¼ 0 and, therefore, qðxÞ ¼ 0. r The following theorem is the first main result of this section. Theorem 33. Let E ¼ Eð0; yÞ be a fully symmetric Banach space on the semi-axis. For a given 0 e x A E, there exists a fully symmetric linear functional j : E ! R such that
Proof. Without loss of generality, x ¼ mðxÞ. Let q be the convex monotone functional constructed in Lemma 32. It follows from Lemma 18 that there exists a positive linear functional j on E such that j e q and jðxÞ ¼ qðxÞ.
It is clear that j e q e p. Since pðzÞ ¼ 0 for every z A Z E , it follows that jðzÞ ¼ 0 for every z A Z E . Therefore, j is a symmetric functional. For every z A D E with Cz e 0, we have jðzÞ e qðzÞ e pð0Þ ¼ 0.
Let x 1 ; x 2 A E be positive elements such that x 1 00 x 2 . Therefore,
It follows from above that jðzÞ e 0. Hence, j is a fully symmetric functional.
Since jðzÞ e qðzÞ e pðzÞ e kzk E for every z ¼ mðzÞ A E, it follows that kjk E Ã e 1. Therefore, The assertion follows immediately. r
If p : E ! E is a convex functional defined in (9), then pðÀxÞ ¼ pðxÞ for every x A E. If q is a functional defined in Lemma 32, then qðÀxÞ ¼ 0 for positive x A E. Therefore, generally speaking, we have q 3 p. Nevertheless, on the positive part of E, these convex functionals coincide.
Lemma 34. Let E ¼ Eð0; yÞ be a fully symmetric Banach space on the semi-axis. Let q and p be the convex functionals on E defined in Lemma 32 and (9), respectively. For every positive x A E, we have qðxÞ ¼ pðxÞ.
Proof. For every 0 e x A E, consider the functional j constructed in the proof of Theorem 33. By construction, we have jðxÞ ¼ qðxÞ ¼ pðxÞ ¼ pðxÞ. r
The proofs of the two following theorems are very similar to that of Theorem 28 (respectively, Theorem 29) and are, therefore, omitted. The only di¤erence is that the reference to Theorem 23 (respectively, Theorem 28) has to be replaced with the reference to Theorem 33 (respectively, Theorem 35). 6. The sets of symmetric and fully symmetric functionals are di¤erent
In this section, we demonstrate that the sets of symmetric and fully symmetric functionals on a given fully symmetric space E are distinct (provided that one of these sets is non-empty). The main results are Theorem 47 and Theorem 48. Let x ¼ mðxÞ A ðL 1 þ L y Þð0; yÞ (or x ¼ mðxÞ A L 1 ð0; 1Þ) and let X ðtÞ ¼ Ð t 0 xðsÞ ds. For every y > 0, let a n ðyÞ be such that X À a n ðyÞ Á ¼ ð3=2Þ n y for every n A Z such that a n ðyÞ does exist. Given a sequence k ¼ fk n g n A Z A ðN W fygÞ Z , let B k; y ¼ fk n a 3n ðyÞ; where n A Z is such that k 2 n a 3n ðyÞ < a 3nþ1 ðyÞg:
If k n ¼ m for all n A N, we write B m; y instead of B k; y . Also, set
A m ¼ fma n ð1Þ : m 2 a n ð1Þ < a nþ1 ð1Þ; n A Zg:
Proof. It is su‰cient to verify
Eðx j C i ÞðsÞ ds only at the nodes of E
, that is at the nodes of Eðx j C i Þ for every i. However, if t A C i for some i, then
Eðx j C i ÞðsÞ ds and we are done. r
We will need the following lemma.
Eðx j B k; y Þ 00
Proof. Let n A Z be such that k Proof. Let p be a convex positive functional considered in Lemma 22. By Lemma 18, there exists a positive functional j A E Ã such that j e p and jðy À xÞ ¼ pðy À xÞ. We have pðzÞ ¼ 0 for every z A Z E and, therefore, jðzÞ ¼ 0 for every z A Z E . Therefore, j is a positive symmetric linear functional on E. For each sequence k and l > 0, we define the sequence k l by setting 
Note that mk n a 3n ðyÞ < a 3nþ1 ðyÞ. It follows from (15) and (16) 
Let n 0 be the maximal integer number such that n 0 < n and k 2 n 0 a 3n 0 ðyÞ < a 3n 0 þ1 ðyÞ. It is clear that k 2 n 0 a 3n 0 ðyÞ < a 3n 0 þ1 ðyÞ e a 3nÀ2 ðyÞ < ma 3n ðyÞ and
on the interval À ma 3n ðyÞ; k n a 3n ðyÞ Á . If k 2 n 0 a 3n 0 ðyÞ f a 3nþ1 ðyÞ for every n 0 < n, then
on the interval À ma 3n ðyÞ; k n a 3n ðyÞ Á .
It follows from (17) and (18) (or (19) ) that
Since k n f 100m, it follows that Ð mk n a 3n ðyÞ The assertion follows immediately. r Lemma 42. Let E be a fully symmetric Banach function space either on the interval ð0; 1Þ or on the semi-axis. If x ¼ mðxÞ A E is such that jðyÞ e jðxÞ for every positive symmetric functional j on E and every 0 e y 00 x, then l À1 s l Eðx j B k l ; y Þ ! 0 as l ! y.
Proof. Since Eðx j B k; y Þ 00 x, it follows from the assumption and Lemma 40 that there exists 0 e u m ! 0 such that The assertion now follows immediately. r Proposition 43. Let E be a fully symmetric Banach function space either on the interval ð0; 1Þ or on the semi-axis equipped with a Fatou norm. If x ¼ mðxÞ A E is such that jðyÞ e jðxÞ for every positive symmetric functional j on E and every 0 e y 00 x, then m À1 s m Eðx j B m; y Þ ! 0 as m ! y.
Proof. For every
Now define the sequence k ¼ fk n g n A Z by setting
Clearly, r k n f jnj and, therefore, k n ! y as jnj ! y. In particular, the set fn : k n < lg is finite for every l A N. Set
If m > MðlÞ, then m 2 a 3n ðyÞ f a 3nþ1 ðyÞ whenever k n < l. Thus, k n f l whenever m 2 a 3n ðyÞ < a 3nþ1 ðyÞ. Hence, k By Lemma 42, for every e > 0, there exists a l such that
The situation in the case that x A L 1 is slightly more complicated. 
Proof. Consider first the case of the semi-axis. Fix an n 0 such that X ða n 0 Þ e 4 9 X ðyÞ:
For a given t A ½a; a n 0 , there exists an n A Z such that n < n 0 and t A ½a n ; a nþ1 . Then, the argument in Lemma 45 applies mutatis mutandis. For every t f a n 0 we have X ðtÞ e X ðyÞ minfa n 0 ; 1g minfm 4 t; 1g ¼ X ðyÞ minfa n 0 ; 1g
Setting C ¼ X ðyÞ=minfa n 0 ; 1g, we obtain the assertion.
The same argument applies in the case of the interval ð0; 1Þ by replacing X ðyÞ by X ð1Þ. r
The following two theorems are crucial for the proof of the implication (3) , (4) in Theorem 5.
Theorem 47. Let E be a fully symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis and let x A E. Suppose that the norm on E is a Fatou norm. If jðyÞ e jðxÞ for every positive symmetric functional on E and every 0 e y 00 x, then
provided that one of the following conditions is satisfied:
(a) E ¼ Eð0; 1Þ is a space on the interval ð0; 1Þ.
(b) E ¼ Eð0; yÞ is a space on the semi-axis and Eð0; yÞ S L 1 ð0; yÞ. This proves (27) . It follows from Lemma 26 that j sing is symmetric. By Lemma 27, the di¤er-ence j À j sing is a symmetric normal functional on F (that is, an integral). Therefore, j sing ðy 1 Þ > j sing ðx 1 Þ.
Now we show that the functional j sing can be extended from F to E by setting
Repeating the argument in Lemma 26, we prove that the extension above is additive on E þ . Thus, the functional j sing A E Ã is positive and symmetric. Since y 1 00 x and j sing ðy 1 Þ > j sing ðx 1 Þ ¼ j sing ðxÞ;
the assertion follows. r
Proof of Theorem 5
In this section, we prove an assertion more general than that of Theorem 5. The assertion of Theorem 5 follows from that of Theorem 49 by setting M ¼ BðHÞ.
In what follows, the semi-finite von Neumann algebra M is either atomless or atomic so that the trace of every atom is 1.
Theorem 49. Let EðM; tÞ be a symmetric operator space. Consider the following conditions:
(a) There exist nontrivial positive singular symmetric functionals on EðM; tÞ. Passing m ! y, we obtain the required inequality (29) .
Let now EðM; tÞ H L 1 ðM; tÞ. If M is atomic, then EðM; tÞ ¼ L 1 ðM; tÞ and the assertion is trivial. Let M be atomless. Since j is a singular functional and
we infer that
Passing m ! y, we obtain the required inequality (30).
(d) ) (a). Firstly, we assume that the algebra M is finite. Without loss of generality, tð1Þ ¼ 1. Let EðM; tÞ be a symmetric operator space and let Eð0; 1Þ be the corresponding symmetric function space. By the assumption, there exists an element x ¼ mðAÞ A Eð0; 1Þ such that m À1 s m x n 0 in Eð0; 1Þ. By Theorem 29, there exists a positive singular symmet-ric functional 0 3 j A Eð0; 1Þ Ã . Let LðjÞ be a functional on EðM; tÞ defined in Theorem 14. Clearly, LðjÞ is a nontrivial positive symmetric functional on EðM; tÞ.
The case when M is an infinite atomless von Neumann algebra can be treated in a similar manner. The only di¤erence is that the reference to Theorem 29 has to be replaced with the reference to either Theorem 28 or Theorem 23.
Let EðM; tÞ be a symmetric operator space on an atomic von Neumann algebra M and let EðNÞ be the corresponding symmetric sequence space. It follows from the assumption that EðM; tÞ 3 L 1 ðM; tÞ or, equivalently, EðNÞ 3 l 1 . By the assumption, there exists an element x ¼ mðAÞ A E such that m À1 s m x n 0 in E. Let F ð0; yÞ be a symmetric function space constructed in Proposition 16. Since EðNÞ 3 l 1 , it follows that F ð0; yÞ S L 1 ð0; yÞ. Recall that the space EðNÞ is naturally embedded into the space F ð0; yÞ and that the norms k Á k E and k Á k F are equivalent on EðNÞ. We have x A F and m À1 s m x n 0 in F ð0; yÞ. By Theorem 23, there exists a positive symmetric functional 0 e j A F ð0; yÞ Ã . The restriction of the functional j to EðNÞ is a nontrivial positive symmetric functional on EðNÞ. Let LðjÞ be a functional on EðM; tÞ defined in Theorem 14. Clearly, LðjÞ is a nontrivial positive symmetric functional on EðM; tÞ. (d) ) (c). Firstly, we assume that the algebra M is finite. Without loss of generality, tð1Þ ¼ 1. Let EðM; tÞ be a symmetric operator space and let Eð0; 1Þ be the corresponding symmetric function space. By the assumption, there exists an element x ¼ mðAÞ A Eð0; 1Þ such that m À1 s m x n 0 in Eð0; 1Þ. By Theorem 47, there exists a positive symmetric but not fully symmetric functional j A Eð0; 1Þ Ã . Let LðjÞ be a functional on EðM; tÞ defined in Theorem 14. Clearly, LðjÞ is a symmetric but not fully symmetric functional on EðM; tÞ.
The case when M is an infinite atomless von Neumann algebra can be treated in a similar manner. The only di¤erence is that the reference to Theorem 47 has to be replaced with the reference to either Theorem 47 or Theorem 48. Let EðM; tÞ be a symmetric operator space on an atomic von Neumann algebra M and let EðNÞ be the corresponding symmetric sequence space. It follows from the assumption that EðM; tÞ 3 L 1 ðM; tÞ or, equivalently, EðNÞ 3 l 1 . By the assumption, there exists an element x ¼ mðAÞ A E such that m À1 s m x n 0 in E. Let F ð0; yÞ be a symmetric function space constructed in Proposition 16. Since EðNÞ 3 l 1 , it follows that F ð0; yÞ S L 1 ð0; yÞ. Recall that the space EðNÞ is naturally embedded into the space F ð0; yÞ and that the norms k Á k E and k Á k F are equivalent on EðNÞ. We have x A F and m À1 s m x n 0 in F ð0; yÞ. By Theorem 47, there exists a positive symmetric functional j A F ð0; yÞ Ã and a function 0 e y 00 x such that jðyÞ > jðxÞ. Set z ¼ E À mðyÞ j fðn À 1; nÞg n A N Á . Clearly, z A EðNÞ and jðzÞ ¼ jðyÞ > jðxÞ. Hence, the restriction of the functional j to EðNÞ is a positive symmetric but not fully symmetric functional on EðNÞ. Let LðjÞ be a functional on EðM; tÞ defined in Theorem 14. Clearly, LðjÞ is a positive symmetric but not fully symmetric functional on EðM; tÞ. r Proof. Let a be the average value of y on the interval ½2 Àk la; 2 Àk b. Clearly, y e a on the interval ½2 Àk la; b and y f a on the interval ½2 Àk a; 2 Àk b. Thus, s 2 k y f a on the interval ½a; b. Therefore, Ð b 2 Àk la yðsÞ ds e ðb À 2
Àk laÞa e l l À 1 ðb À aÞa e l l À 1 Ð b a ðs 2 k yÞðsÞ ds: r Theorem 53. If fx n g n A N is a Cauchy sequence in F , then there exists x A F such that x n ! x in F.
Proof. For every k > 0, there exists an m k such that kx m À x m k k F e 4
Àk for m f m k .
Set y k ¼ x m kþ1 À x m k . Clearly, ky k k F e 4 Àk for every k A N. In particular, the series P y k¼1 y k converges in L y ð0; yÞ.
Set z n ¼ P y k¼n s 2 k mðy k Þ. We claim that z n A F and z n ! 0 in F . Indeed, mðy k Þ e ky k k y w ð0; 1Þ þ T E À mðy k Þ j A Á :
Here, T is a shift to the right. It follows that
Therefore, kz n k F e kz n k y þ P y Since l > 1 is arbitrarily large, it follows from Theorem 9 that P y k¼n y k F e kz n k F ! 0:
Thus, the series P y k¼1 y k does converge in F . The assertion follows immediately. r
Proof of the Figiel-Kalton Theorem
The proof of Theorem 8 follows from the combinations of the lemmas below.
Lemma 54. Let E be a symmetric Banach space either on the interval ð0; 1Þ or on the semi-axis. If x A Z E , then C À mðx þ Þ À mðx À Þ Á A E.
Proof. Let x ¼ P n k¼1 ðx k À y k Þ with x k ; y k A E þ and mðx k Þ ¼ mðy k Þ, 1 e k e n. Set
It follows from the definition of C and (8) that
Cmðx k Þ:
Using the second inequality in (8), we obtain Using the second inequality in (8), we obtain Cmðx À Þ þ CmðuÞ e CmðbÞ þ mðbÞ:
It follows that
Cx e C À mðx þ Þ À mðx À Þ Á þ mðbÞ:
Similarly, 
Consider the function x À x 1 on the interval ð2 n ; 2 nþ1 Þ. By the Kwapien Theorem ( [23] ), there exist positive equimeasurable functions y 1n , y 2n supported on ð2 n ; 2 nþ1 Þ such that mðy 1n Þ ¼ mðy 2n Þ; ky 1n k y ; ky 2n k y e 6kðx À x 1 Þw ð2 n ; 2 nþ1 Þ k y :
Set y 1 ¼ P n A N y 1n and y 2n ¼ P n A N y 2n . It follows that y 1 ; y 2 A E þ . Since x À x 1 ¼ y 1 À y 2 and mðy 1 Þ ¼ mðy 2 Þ, it follows that x À x 1 A Z E . The assertion follows immediately. r
